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Let G be a nilpotent group acting transitively on a locally finite, connected graph 
X with K,(X) < co. We show that G contains a subgroup H N Z of finite index. 
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1. INTRODUCTION AND TERMINOLOGY 
By X( V, E) we denote a graph with vertex-set V(X) and edge-set E(X). 
Graphs considered in this paper are countable and contain neither loops 
nor multiple edges. By AUT(X) we denote the automorphism group of X. 
If we consider images of a vertex ui or a subgraph Tj of X we often 
write vi+,, or Tj+n instead of cP(ui) and a”( Tj), respectively. A group 
G d AUT(X) acts transitively on X if there is an ct E G for every x, y E V(X) 
such that a(x) =y. The restriction of an automorphism u or a group 
G 6 AUT(X) to a subset Tc V(X) is denoted by a 1 T or G 1 T, respec- 
tively. 
Two one-way infinite paths P and Q are equivalent, in symbols P--, Q, 
in X if there is a third path R which meets both of them infinitely often. 
The equivalence classes w.r.t. w  x are called ends [S, p. 1271. Clearly the 
automorphisms of X also act on E(X), the set of ends of X. By m(E) we 
denote the maximal number of disjoint one-way infinite paths of an end E. 
It has been shown by Halin [3,4] that this number always exists. 
Automorphisms not stabilizing any finite, nonempty subgraph of X 
are called automorphisms of type 2 by Halin [2, p. 2511. For every 
automorphism CI of type 2 there exists an a-invariant two-way infinite path 
P [2, Theorem 71. (A two-way infinite path will be called a 2-path.) Since 
a is of type 2 its action on P is a translation. Let v be a vertex of P and P’ 
the one-way infinite subpath of P containing v, a(u), a’(u), . . . . Then the end 
containing P’ is called D(a), i.e., the direction of oz. By E(X) E AUT(X) we 
denote the set of automorphisms of type 2. 
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The boundary X of a subset Cc V(X) is the set of those vertices 
of V(X)\C which are adjacent to vertices of C and (? = V\( C u X). 
Following [9, p. 1501 we define 
rcf(X)=min{IaWI: WcV(X),O<IWI<co, W#@} 
and 
K,(X) = min{ 18 WI: Wand @‘are infinite subsets of V(X)}. 
By convention, we write K,-(X) = cc or K,(X) = cc if the corresponding 
minimum is taken over an empty subset, and we understand IZ < co for all 
n E Z. A fragment of X is an infinite subset C of X such that V(X)\C is 
infinite and JdCI = K,(X). A connected graph X is called a strip if there 
exists a connected set CE (X) and an ~EAUT(X) such that O< IX < co, 
a(C u aC) G C, and C\a(C) is finite. As has been shown in [7] strips can 
also be characterized as graphs with exactly two ends and an automorphism 
of type 2. If a strip is transitive, then it is spanned by finitely many 2-paths 
(see also [7]). 
In [9, Theorem 5.141 Jung and Watkins have shown that a connected 
graph X is a strip or K,(X) = co holds if an abelian group G d AUT(X) 
acts transitively on X. If X is a strip they also proved that G 2: Z x T where 
T is a finite abelian group. 
In [ 111 we have shown that the same characterization of a graph X 
holds if a group G, whose center Z(G) contains an automorphism of type 
2, acts transitively on X. In this paper we extend this result by showing that 
a group G with Z(G) n E(X) # 0, which acts transitively on a locally 
finite graph X with K,(X) < co, contains a subgroup HE Z such that 
[G: H] < cc holds. 
The assertion that a locally finite, connected graph X with K,(X) < co is 
a strip also holds under the assumption that a nilpotent group G acts 
transitively on X (see [12]). In the main result of this paper we show that 
in this case the nilpotent group G also contains a subgroup H N Z of finite 
index. 
Let G < AUT(X) act transitively on the graph X with K,(X) < co. In [S, 
Theorem l] Jung has shown that for each fragment C of X there are 
automorphisms a E G such that a(C u 8C) c C holds. Further, Jung states 
that such an automorphism is of type 2. Hence each group G which acts 
transitively on a strip contains a subgroup isomorphic to Z. But as the 
following example [C. Godsil, oral communication] shows, the index of 
that subgroup in G can be infinite. 
Let X be the strip which is the lexicographic product of a 2-path with a 
single edge (u, w). Then the group G which is generated by some 
automorphism CI of type 2 (hence (a) N Z) and an automorphism /? which 
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permutes the vertices of one of the copies of (u, w) in X but fixes all other 
vertices has the desired properties. 
Let d(x, y) denote the length of a shortest path connecting x, y E V(X). If 
S, Tc V(X) then 
d(S, T)=min(d(x, v)) xES, YET}. 
The diameter of T is given by 
diam T= max{d(x, y) 1 x, YE T). 
At last we mention that all group-theoretical assumptions we use in this 
paper can be found in [lo]. Here we only give the characterization of 
nilpotent groups which we need later. 
A group G is nilpotent of class Y if it has an upper central series of length 
r, i.e., 
{ej=K,aK,a -.. aK,pldK,=G. 
The lower central chain of a group G is a subnormal chain 
G=Z,PZ,FZ,E .. 
defined as follows: 
Z, = II&, Gl = CG, Gl, Z, = CZ,, Gl, . . . . Z, = [Zip 1, G], . . . 
If there is an r 3 1 such that Z, = {e} holds then the lower central chain 
is called the lower central series. If G is nilpotent then it has a lower central 
series. 
2. PRELIMINARY RESULTS 
The following result which was shown by Halin 12, Theorem 9e] is an 
important tool for the proofs in this paper. 
THEOREM 2.1. Let r be an automorphism of type 2 of the locally finite 
connected graph X where m(D(a)) = m < co. Then we can find 2-paths 
p pm-1 0, . . . . in X, an integer n > 0, and a finite subgraph T such that the 
following statements hold: 
(1) an(P,)=P,for i=O, l,..., m-l, 
(2) T separates D(a) and D(cr-‘), 
(3) T consists of m vertices, hence meets each Pi in exactly one 
vertex ti, 
(4) the subgraphs a”“(T), 1 E Z, are pairwise disjoint. 
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As mentioned in the introduction strips can also be characterized 
differently from the definition given above (see [7]). 
PROPOSITION 2.2. A locally finite graph X is a strip if and only if it has 
exactly two ends and at least one automorphism of type 2. If X is transitive 
then it is spanned by finitely many disjoint 2-paths. 
In the proofs of our main results we shall also invoke the following easily 
proved lemma: 
LEMMA 2.3. Let CI, p be commuting automorphisms of a graph X. Then CI 
acts on the orbits of p and vice versa. 
ProoJ Let j1 = (..., b:, bj, bi, . ..) and f12= (..., bi, bf, bz, . ..) be two 
orbits of /I and let a(b!) = bf for some i, j E Z. Then 
Bcc(b;) = p(b;) = b;, , 
and since /?(b,‘) = bi+ 1 commutativity implies 
#+,)=b;+,. I 
Let N(X) = (R E AUT(X)I there exists an n, such that d(x, E(X)) d n, for 
all XE V(X)}. By [9, Lemma 5.91 N(X) is a normal subgroup of AUT(X). 
If X is a strip N(X) satisfies some more conditions as Jung and Watkins 
have shown in [9]. Here we cite those of their results which we need later. 
THEOREM 2.4. [9, Theorem 5.101 Let X be a strip and C a fragment of 
X. Then 
(1) N(X) contains all automorphisms of infinite order. 
(2) If p E N(X) has finite order, then 
(a) P(aC)=Z, or 
(b) d(/?(aC), 8C) < diam 8C. 
(3) The index ofN(X) in AUT(X) is at most 2. 
THEOREM 2.5 [9, Theorem 5.61. Let X be a strip and c( E AUT(X). Then 
the following conditions are equivalent. 
(a) a has infinite order; 
(b) some orbit of a is infinite; 
(c) all orbits of CI are infinite; 
(d) c1 has only finitely many orbits. 
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THEOREM 2.6 [8, Theorem 11. Let K,(X) < cc and let G d AUT(X) act 
transitively on X. Then for each fragment C of X there exists c( E G such that 
a( c v ac) c c. 
As Jung [S] further states such an a is an automorphism of type 2. In 
[ 1 l] we have shown the following theorem. 
THEOREM 2.7. Let X be a connected infinite graph and let G < AUT(X) 
with Z(G) n Z(X) # 125 act transitively on X. Then either 
(a) K,(X)= eo or 
(b) X is strip. 
As we mentioned in the introduction Jung and Watkins [9] gave the 
same characterization of the graph X if an abelian group G acts transitively 
on X. They have further shown that the abelian group G is isomorphic to 
Z x T, where T is finite, if X is a strip. In Theorem 2.9 we show that in the 
case of locally finite graphs the groups considered in Theorem 2.7 can also 
be characterized more precisely if the graphs on which the groups act 
transitively are strips. First we prove a lemma which we need in the proofs 
of our main results. 
LEMMA 2.8. Let X be a transitive strip and let a E Z(X). Then N(X) 
contains only finitely many automorphisms of finite order which commute 
with CI. 
Proof. Let E, and E, be the two ends of X. Clearly m(E,) = m(E,) < a 
and w.1.o.g. we can assume that E, =0(a) and E, =D(M-‘). Further we 
choose a subgraph T according to Theorem 2.1 which separates E, and E,. 
Since CI” E Z(X) clearly holds for all n E Z \ (0) if CI is of type 2 we can 
w.1.o.g. assume that a(P,) = Pi holds for each 2-path Pi of X where the Pi 
are the paths mentioned in Theorem 2.1. From Proposition 2.2 we also 
know that these 2-paths span X. 
Suppose there is an infinite set FE N(X) of automorphisms of finite 
order which commute with CI. Then, since X is locally finite and by 
Theorem 2.4 (2), there is a finite subgraph T’? T such that /I(T) s T’ 
holds for all fl E F. This clearly implies that all vertices which are in those 
orbits of fl which contain vertices of T are contained in T’. Let y, 6 E F. By 
yl, . . . . Y,, s > 1, and 6,, . . . . a,, r > 1, we denote those orbits of y and 6 which 
contain vertices of T, respectively. We say that y and 6 are T-equivalent if 
r = s and for each yr, 1 < x d s, there is exactly one 6,, 1 d y 6 r, such that 
yx = 6,. Since T’ is finite ce can now partition the automorphisms which 
are contained in F into finitely many T-equivalence classes. Hence, if F con- 
tains infinitely many automorphisms, at least one of these T-equivalence 
classes must contain infinitely many of those automorphisms. In the next 
step we show that this cannot occur. 
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Let p E F where fir, . . . . /?, are those orbits of /I which contain vertices of 
T. By TO we denote the set of those vertices which are contained in 
Pl u P2 u . . . u P,- Applying Theorem 2.1 we can w.1.o.g. assume that 
a’( TO) n a( TO) = @ holds for all I, j E Z, I # j. By Lemma 2.3 tl acts on the 
orbits of /?, hence I@~) = p,+ i holds for all i, 1 < i < t, where the /I,+ i are 
the orbits of /? on T, = L$ To). Let pi = (bk, . . . . b;) and pt + i = (bh+ j, . . . . bL+ ;). 
W.1.o.g. we can assume that a(bi) = bi+ i holds for all k, 0 <k 6 n. Then 
f3(b;+‘) = ,&a(bk) = q3(b; + I ) = b;;; 
Let y E F be in the same T-equivalence class as /I. Hence yi = fii for all i, 
16 i < t. Then, by the commutativity of CI and y, y(b;+‘) = b;:‘, must also 
hold for all i and k. Hence y 1 T, = p / T,. Analogously this can be shown 
for all Tj = a’( T,), jE Z. Hence y 1 Tj = /? 1 Tj holds for all T, if 
y 1 T,, = /3 I TO is satisfied. 
Since T separates the two ends of X, all M’(T) E Tj also separate those 
two ends. Let Qj denote the set of those vertices which are on those parts of 
the Pi which connect a’(T) and 61 J+l T and are not contained in a’( TO) ( ) 
and &+‘( TO). Clearly for each BE F the relation p(Q,) = Q, holds for all 
je Z. Since ai = Q, also holds for all j E Z it is clear that two 
automorphisms which have the same restriction on Q, have the same 
restriction on all Qi. But there are only finitely many different 
automorphisms in each T-equivalence class with respect to the action on 
Q,. Hence each of the finitely many T-equivaIence classes contains only 
finitely many different automorphisms. Hence F is finite. 1 
THEOREM 2.9. Let X be a connected, locally finite graph with K,(X) < co 
and let the group G < AUT(X) with Z(G) n C(X) # 0 act transitively on X. 
Then X is a strip and G contains a subgroup H N iz such that [G: H] < m 
holds. 
Prooj Th fact that X is a strip follows from Theorem 2.7. To prove the 
second assertion we first emphasize that G clearly contains a subgroup 
isomorphic to Z since each automorphis of type 2 generates such a sub- 
group. Further we define NG = N(X) n G. By Theorem 2.4 (1 ), N, contains 
all automorphisms of type 2 which are contained in G. Hence NG also 
contains an automorphism a of type 2 which is central in G. Then by 
Lemma 2.8 N, contains only finitely many automorphisms of finite order. 
From Theorem 2.5 we know that all automorphisms of infinite order are 
also automorphisms of type 2. Hence the stabilizer S, c N, of each vertex 
v E V(X) is finite. By Sk c G we denote the stabilizer of v E V(X). Since N, is 
normal in G 
S: NG/NG N S;/(S: n NG) 
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holds, where Son N,= S,. Further, using the methods of the proof of 
Theorem 2.4 (3) (see [9, p. 1591) it is easy to show that [G: NG] d 2 holds. 
Since S, is finite this implies that Sl is also finite. 
Let T be the separating set as defined in Theorem 2.1. By V,, we denote 
that set of vertices which contains the vertices of T and all vertices which 
are on the paths from T to a(T). Then V(X) can be partitioned into the sets 
a’( V,), j E z. 
We now consider a vertex t E T. Since G acts transitively on X, for each 
w  E V, there is a y E G such that y(t) = w  holds. As S; is finite there are at 
most finitely many different automorphisms which map t onto w  for each 
w  E I’*. Since for each 0 E G there is an Y E Z such that CC/~(?) = @C(t) is 
contained in I’, only finitely many of the automorphisms beer are different 
and hence (a) N Z has finite index in G. 1 
3. THE MAIN RESULT 
In this section we show that there is a strong connection between the 
structure of a graph X and the structure of nilpotent groups which act 
transitively on X. 
THEOREM 3.1. Let X be a connected, locally finite graph and let the 
nilpotent group G d AUT(X) act transitively on X. Then either 
(a) K,(X)= cc or 
(b) X is a strip. In this case G contains a subgroup H N iz such that 
[G: H] < co holds. 
Proof The assertion that X is a strip if K,(X) < cc holds was shown in 
[ 121. Here we prove that in this case G contains a subgroup H N Z with 
finite index. 
Theorem 2.6 implies that G n X(X) # rZ, holds. Let c( again denote an 
automorphism of type 2. Then H = (a) N Z and Theorem 2.4(l), implies, 
that N,= N(X)n G contains (E). Using the methods of the proof of 
Theorem 2.4(3) (see [9, p:l59]) it is easy to prove that [G: NG] d 2 holds. 
Hence it is sufficient to show that [NG: H] < cc holds. Further we know 
that N, is nilpotent since each subgrop of a nilpotent group is nilpotent. 
Let 
denote the lower central series of N,. 
If Z, _ 1 n X(X) # 0 then there is an automorphism of type 2 which is 
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central in N, and an application of Theorem 2.9 shows that G has the 
desired property. 
Now suppose Z,nE(X) # @ and Zi+r nE(X) = $3 holds for some 
i < Y - 1. We first show that Zi+ 1 is finite. 
The finiteness of Z,-, follows from Lemma 2.8. By the induction 
hypothesis let Zi +,, j> 1, be finite. We now show that Zi+j-I is also finite 
if Zi+j-1 n E(X) = @ holds. As in the proof of Lemma 2.8 we consider a 
subgraph T which separates the two ends of X and contains exactly one 
vertex of each of the 2-paths which span X. Further we assume w.1.o.g. that 
cc(Pk) = P, holds for all 2-paths of X and some CL E Zi n Z(X). Since each 
IX”, n EN, generates a subgroup isomorphic to Z we can w.1.o.g. also assume 
that R’(T) n cY( T) = @ for all I, m E Z, I # m. 
Let fi E Z,- r. By PI, p2, . . . . /II,, we denote those orbits of /I which contain 
vertices of T. Theorem 2.4 implies that there is a finite subgraph T’ which 
contains all vertices which are images of vertices t  E T under some 
automorphism of finite order. Hence T’ also contains all vertices which 
are in /?r, . . . . /I,. Suppose Zi+j-l is infinite. Clearly all automorphisms 
contained in Zi+i- r act on the orbits of /?. 
Let IL + 1 , ---, pzn denote the images of /3,, . . . . /3, under y E Zi+j- 1. Clearly 
P Pai n + 1, -..> cannot contain vertices which are not in T’ for otherwise 
y/P(t)  = /Yy(t) # T’ would hold for some t  E T and s E Z. Hence, as T’ is 
finite, we can partition the automorphisms of Zi+j-l into finitely many 
equivalence classes w.r.t. the action on fil, . . . . 0, (y, 6 are equivalent if 
~(6,~) = S(fl,) holds for all f, 1 <<f 6 n). Hence, if Zi+iP 1 is infinite, at least 
one of those equivalence classes if infinite. Let Z:+j-l denote such a class. 
Then, since Zi+j is finite there is a 6 EZ~+~ such that 
clycl-‘y-‘=S 
holds for infinitely many y E Z:+j- 1. Let Zg+,_ 1 c Z:+j- 1 d.enote the set of 
those automorphisms. We now say that two automorphisms yl, y2 E Z:+ j- 1 
are equivalent if 
WlZ Yl 
-I -‘=6 
and (1) 
v2a 
-1 -l- 
Y2 -6 
hold. Hence we can partition Z:+j- 1 into finitely many equivalence classes 
w.r.t. this equivalence-relation and at least one of those classes, say Zp+i- 1, 
is infinite if Z:+j- r is infinite. 
By T, E T’ we denote the set of those vertices which are contained in 
PI, . . . . /3, and all images of PI, . . . . p, under all y E Zf+j- r. Now we say that 
yr, y2 E Zjiij- r are equivalent if y1 1 T, = yz j Tp holds. Since Tp is finite we 
can partition Zp+,- I into finitely many equivalence classes w.r.t. this 
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relation. Clearly at least one of those classes, say ZffjP i s Zfij- 1, must be 
infinite if Zg+,+ 1 is infinite. 
Let yl, ~2 E Zf$j- 1 where~ yl(P,) = Ye = 8,, W,.) = /3,,, 
Pr = (&, b;, . . . . K), 
and 
p,= (b”,, !I;, . . . . bg. 
Further we can again w.1.o.g. assume that c?( TP) n a=( T,) = Qr holds for all 
k, e E Z, k # e. We denote a-‘(P,) = fl-, and cl-‘(flx) = ,f-,. Then, because 
of (11, Y1(P~~S)=Y2(P--s)=a-,” must hold. Further, (1) also implies 
yl(b?“) = y,(by”) = by”. Hence, if yi ( Tp = yz 1 Tp, then yi 1 ak(Tp) = 
y2 1 a”( Tp) holds for all k E: Z. 
By S, we denote the set of those vertices which are on the paths con- 
necting T and a(T) and not contained in TB or a(T,). Since all considered 
automorphisms are contained in N,, the condition y 1 S, = S, holds for all 
Y E zffj- 1’ Then we can apply the above arguments to show that 
yi I G?(S,) = y2 I ak(SB) holds for all ke Z if the condition y, 1 S, = yz 1 S, is 
satisfied for two automorphisms yl, y2 E Zfrj- 1. So y1 = y2 holds if and 
only if 1~~ 1 (To u SO) = y2 j (To LJ S,). Then, smce TB u S, is finite, there are 
only finitely many pairwise different y E Z4tj-. L and hence Zi+j- 1 is also 
finite. 
Now suppose CXEZ~ where .Zi+ i is finite and consider the mapping 
p + C$CI-*, /I E Zi. Then the orbits of the conjugation by CI have bounded 
cardinality since they are contained in cosets of Zi+ i. Hence there is an 
integer c such that the conjugation by xc is the identity which implies that 
LX’ is central in Zi. We now assume w.1.o.g. that CI itself is central in Zi. 
Since Zi+ I is finite we can partition NG\Zi+, into finitely many 
equivalence classes, where two automorphisms /Ii, bz E NG\Zi+ 1 are 
equivalent if 
C1/?;‘Mp, = 6 = L+~;‘~~2 
holds. Clear1 6 has finite order; hence there is an w1 E N such that 
e=S”= (M-‘B;‘MB,)(a-‘P;lMIJI)... (a-‘/3;‘aPl), 
where the right-hand side of (2) is equal to 
(21 
since ,G;‘aPIP1 eZi clearly holds and a is central in Zj. This implies that 
c? and /11 commute. If we now choose a p E fV such that LIP = e holds for all 
SEZ;+, we know that CIP commutes with all ,4’ E NG\Zi+ r. Hence ozp is 
central in N, and Theorem 2.9 completes the proof. 1 
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We remark that the proofs of Theorem 2.9 and 3.1 hold for infinitely 
generated groups as well as for finitely generated groups. Clearly each 
group G N Z x T, where T is a finite nilpotent group, is an example of a 
nonabelian nilpotent group acting transitively on strips. Furthermore, let 
{e, -e, i, -i, j, -j, k, -k} d enote the set of elements of the quaternion 
group Q. Then the group G = (Q, a ) ae = ea, a( -e) = (-e) a, ai = ja, 
aj = ka, ak = ia), where a is an element of infinite order, is an example of a 
nilpotent group which is not isomorphic to Z x T, for any finite group T, 
but acts transitively on strips (e.g., on its Cayley-graphs). The Cayley- 
graphs X of finitely generated nilpotent groups of nonlinear growth 
are examples of graphs with K,(X) = cc and nilpotent groups acting 
transitively on them. 
Further we want to emphasize that [G: H] < co holds for all subgroups 
H isomorphic to Z and does not depend on the element which we have 
chosen to prove Theorems 2.9 and 3.1. This is easy to see using the 
following argument: If [G: H] is finite then the Cayley-graph of G (for 
some generating system G* of G) is a strip. Hence G has linear growth (see 
[7]), Suppose there is a subgroup H’ N Z such that [G: H’] is infinite. 
Then the Cayley-graph of G (for some geneating system of G) consists of 
one end E with m(E) = co. Then, in contradiction to the above, G cannot 
have linear growth (see also [7]). 
We can use Theorem 3.1 to give an easy proof of a well-known group- 
theoretical result (see, e.g., [ 131). 
COROLLARY 3.2. Let G be a finitely generated group of linear growth. 
Then G contains a subgroup H N Z with finite index. 
Proof: In [l] Gromov proved the important result that each finitely 
generated group of polynomial growth is a finite extension of a nilpotent 
group. Hence, if G has linear growth, it contains a nilpotent subgroup G’ of 
linear growth. Then there is a generating set E of G’ such that the Cayley 
graph w.r.t. E is a strip X. Now, since G’ acts transitively on X and has 
finite index in G, Theorem 3.1 completes the proof. 0 
For an upper bound for the index of H in G we refer the reader to [6]. 
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